CSE 167:
Introduction to Computer Graphics
Lecture #2: Coordinate Transformations

Jurgen P. Schulze, Ph.D.
University of California, San Diego
Fall Quarter 2010




Announcements

» Homework introduction by Han was Monday 9:30am

» Lab sessions with TAs and tutors in lab 260:
Han Suk: Mon/Thu 9:30am-11:30am
Iman: Thu 3:30pm-7:30pm
Phi: Tue/Thu [1:30am-12:30pm
Haili: Tue/Thu 3:30pm-4:30pm

» Use the discussion board on WebCT instead of email
to TAs/tutors if possible:
http://webctweb.ucsd.edu

» Project | due Friday October Ist, presentation in lab
260



Overview

» Linear Algebra Review

» Linear Transformations

» Homogeneous Coordinates

» Affine Transformations

» Concatenating Transformations
» Change of Coordinates

» Common Coordinate Systems



Vectors

—

» Direction and length in 3D
» Vectors can describe

Difference between two 3D points
Speed of an object

Surface normals (directions perpendicular to surfaces)

Normal vector

Surface normals Surface



Vector arithmetic using coordinates

Clx+bx

a+b: Cly+by

Clz+bz

i
L4

D
by
b:

Clx—bx

Cly—by

Sa=

Clz—bz

SCly
S

where s is a scalar



Vector Magnitude

» The magnitude (length) of a vector is:

2 2 2 2
\% —Vx+vy+vZ

. 2 2 2
V—Jw+w+n
» A vector with length of 1.0 is called unit vector

» We can also normalize a vector to make it a unit

vector
A\

v

» Unit vectors are often used as surface normals



Dot Product

a-b=2aibi

a-b=ab . +ab +apb,

a-b =|a||b|cos@



Angle Between Two Vectors

a-b =|a||b|cosé
cosH—[a.b\
b))
(a-b) !
d

_ ~1
6@ = cos uaHbu



Cross Product

a X b is a vector perpendicular to both a
and b, in the direction defined by
the right hand rule

a x b| =|al||b|sin&

a X b| = area of parallelogram ab

axXb|=0 if aand b are parallel
(or one or both degenerate)



Cross product

_ a,b, — a,b, _
axb=1|ab, —a,b,
_ a;b, — a,b; _
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Sample Vector Class in C++

class Vector3 {

public:
float x,y,z;
Vector3() {x=0.0; y=0.0; z=0.0;}
Vector3(float x0,float y0,float z0) {x=x0; y=y0; z=z0;}
void set(float x0,float y0,float z0) {x=x0; y=y0; z=z0;}
void add(Vector3 &a) {x+=a.x; y+=a.y; z+=a.z;}
void add(Vector3 &a,Vector3 &b) {x=a.x+b.x; y=a.y+b.y; z=a.z+b.z;}
void subtract(Vector3 &a) {x-=a.x; y-=a.y; z-=a.z; }
void subtract(Vector3 &a,Vector3 &b) {x=a.x-b.Xx; y=a.y-b.y; z=a.z-b.z;}
void negate() {x=-X; y=-y; z=-7;}
void negate(Vector3 &a) {x=-a.x; y=-a.y; z=-a.z;}
void scale(float s) {x*=s; y*=s; z%=s;}
void scale(float s,Vector3 &a) {x=s*a.x; y=s*a.y; z=s*a.z;}
float dot(Vector3 &a) {return x*a.x+y*a.y+z*a.z;}

void cross(Vector3 &a,Vector3 &b)

{x=a.y*b.z-a.z*b.y; y=a.z*b.x-a.x*b.z; z=a.x*b.y-a.y*b.x;}
float magnitude() {return sqrt(x*x+y*y+z*z);}
void normalize() {scale(1.0/magnitude());}



Matrices

» Rectangular array of numbers

miip M2 ... Minp
mai1 M22 ... M2np
M=] | o .
I mm,l mg’g coo Mmn |

» Square matrix if m =n

» In graphicsoftenm=n=3;m=n=4
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Matrix Addition

Q1+ bm1 a2 4 Do

A.BeR™"
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Multiplication With Scalar
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sM = Ms =

STN1.1
SN2 1

I Smm’l

STN1.2
STN2 2

STN2 2

ST .n
SN2 n

STMm.n




Matrix Multiplication

AB=C, AcRP BcRY CcRY

(AB)z = ng Z a; kbk]; e l.p,gel.r
k=

15



Matrix-Vector Multiplication

Ax=y, AeRPixeR'yecR’

q
(AX)z' =yi= ) Q; kL
k=1
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Identity Matrix

10 ... 0
01 ... 0

1= Do e cR™
00 ... 1

MI=IM =M, forany M e R"™"
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Matrix Inverse

If a square matrix M is non-singular, there exists a unique
inverse M-! such that

MM ' =M 'M=1

(MPQ)—I _ Q—IP—IM—I
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OpenGL Matrices

» Vectors are column vectors

» “Column major” ordering

» Matrix elements stored in array of floats
float M[16];

» Corresponding matrix elements:

U W DD

m[0] m[4] m[§] m]
m[l] m[5] m[9] m]
m|2] m|6] m|10] m]
-m[3] m[7] m[11] m|
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Linear Algebra Review

Linear Transformations
Homogeneous Coordinates
Affine Transformations
Concatenating Transformations
Change of Coordinates

Common Coordinate Systems
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Linear Transformations

» Scaling, shearing, rotation, reflection, and combinations
thereof, of vectors

» Implemented using matrix multiplications
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Scaling

» Uniform scaling matrix in 2D

SUy

Uy

» Analogous in 3D

At Ik
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Scaling

» Nonuniform scaling matrix in 2D
tuy,

Uy

» Analogous in 3D

Rl Y e
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Shearing

» Shearing along x-axis in 2D

v %
Uy fos
Vs SUy,

» Analogous for y-axis, in 3D

V’—lsv
101

24



Rotation in 2D

» Convention: positive angle rotates counterclockwise

» Rotation matrix

[COSH —sin@}
[siné’ cos 6 J

-

0\ —
v)

(
\
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Rotation in 3D

Rotation around coordinate axes

26

1 0 0
0 cosf) —sind
_O sinf) cosf _

- cosf 0 sinf
0 1 0
_—sin@ 0 COSH_

 cos —sinfh 0 |
sinff cosf 0

0 0 1



Rotation in 3D

» Concatenation of rotations around X, Yy, z axes

» 0,,0,,0, are called Euler angles
» Result depends on matrix order!

R,(0,)R,(6,)R.(6.) # R.(0.)R, (6, R.(6,)
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Rotation in 3D

Around arbitrary axis

I1+(1- cos(H))(af —1) —a_sin(@)+ (1-cos(@)a.a, a,sin(@)+(1-cos(f))a.a,
R(a,0)=| a_sin(@)+ (1-cos(f))aa, I+(1- cos(¢9))(azy2 —1) —a, sin(6) + (1 — cos(0))a,a,
| —a, sin(@) + (1 —cos(@))a.a, a, sin(6)+(1-cos())a.a, I1+(1- cos(H))(af —1)

» Rotation axis a

a must be a unit vector: ‘a‘ =1

» Right-hand rule applies for direction of rotation

Counterclockwise rotation
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Homogeneous Coordinates

» Generalization: homogeneous point

WP
WPy

Pr = WpgX + WPyy + WPZ + WO
WP~

» Homogeneous coordinate

» Corresponding 3D point: divide by homogeneous
coordinate W

WPy /W
wp,, /W
wp,, [ w
w/w

P =D:X+Dpyy +p.Z2+0
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Homogeneous coordinates

» Usually for 3D points you choose w = 1
» For 3D vectors w = (

» Benefit: same representation for vectors and points
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Translation

Using homogeneous coordinates

p+t
/

P
[ Dy | [ty ] [ pet it ]
P D2 l, P P+t
L 1 — L — L 1 —
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Translation

Using homogeneous coordinates

Matrix notation

ptt=

Translation matrix
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P

o O =

O = O

SO = OO

8

[ N T
<

Px
Dy

Pz
1

p+t

[ py it
Py + 1y
P +1,




Transformations

» Add 4t row/column to 3 x 3 transformation matrices

» Example: rotation

R(a,f) € R3*

_ O O O
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Transformations

Concatenation of transformations:

» Arbitrary transformations (scale, shear, rotation,

translation) M3, My, M; € R***
» Build “chains” of transformations P/h = MsMsM,py,
» Result depends on order
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Affine transformations

» Generalization of linear transformations

Scale, shear, rotation, reflection (linear)
Translation

» Preserve straight lines, parallel lines

» Implementation using 4x4 matrices and homogeneous
coordinates
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Translation

-----------------------------

38

o O O

S O~ O

O = O O

8

<

pz +1;




Translation

e Inverse translation
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Scaling
e Origin does not change

A

S(Sz,8y,52) = 0 0

40

_ o O O
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Scaling

» Inverse of scale:

S(8z,84,5.) " =S(1/s4,1/s,,1/5.)
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ﬁ\
|
1
O =
— N

>

» Pure shear if only one parameter is non-zero

1
Z(Zl .o .26) —
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Rotation around coordinate axis

» Origin does not change

1 0 0
0 cosf —sinb
0 sinf cos@

0 0 0

- cosf 0 sind
0 1 0
—sinf 0 cosé
0 0 O

cosf —sinf 0
sinf cosf O
0 0 1
0 0 0

_ O O O = O O o = O O O
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Rotation around arbitrary axis

» Origin does not change

» Angle 6, unit axis a
y cg = cos, sy = sinb
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az+cp(l—a2)  aza,(1—cp) —a.sg

azay(1 —cp) + a.sp af/ + cp(1 — az)

aza,(1 —cy) —aysp aya.(l—cp) + azsy

0 0

aza.(1 —cp) +aysp 0 |

a,a.(1 —cg) —azsg O

a? + cy(1 — a?)
0

0
1 -




Rotation matrices

» Orthonormal

Rows, columns are unit length and orthogonal

» Inverse of rotation matrix:

Its transpose

R(a, )" =R(a,6)"
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Rotating with pivot

> : I

Rotation around Rotation with
origin pivot
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Rotating with pivot

|

1. Translation T 2. Rotation R 3. Translation T—!
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Y

p =T 'RTp




Concatenating transformations

» Arbitrary sequence of transformations

p’' = MMM p
Mtotal — M3M2M1

/
P = Mtotalp
» Note: associativity

Mtotal — (MSMZ)Ml — MS(MQMI)
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Change of coordinates

P
» Point with homogeneous coordinates | p,

D=
1

» Position in 3D given with respect to a coordinate system

M Puy2
PyyY
DX
(o) X
/ DL Z

Z

Pzyz = PzX + PyyY + p.Z + O
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Change of coordinates

X Py
PyyY
PxX
v O X
u / P22
Z
q
W
New uvwq

coordinate system

Goal: Find coordinates of Pzy- with respect to

new uvwq coordinate system
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Change of coordinates
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w

Pzy-z
[

DyY

PxzX

Coordinates of xyzo frame w.r.t. uvwq frame

Yu
Yo

Yw
0

P-Z




Change of coordinates

M Pzyzs Puvw
PyY
DX
v (o) X
. / DL Z

Ly Yu Zu Ou
_ Ly 4 Yo 4 v 4 Oy
Puvw = DPx T Dy m Dz 2 O
" - 0 0] 0 1



Change of coordinates

p’UﬂJUJ -
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Yu
Yo
Yuw

Pz

D=

X Pzyz, Puvw
PyyY
DX
(o) X
/ DLZ

Pz

P=




Change of coordinates

Inverse transformation
» Given point Puvw w.r.t.frame u,v,w, q
» CoordinatesPzyz w.rt.frame X,y,z, 0

. Loy Yo <y Oy Pv
Pavz = | 2 Yo 2w Ow Puw
0 0 o0 1| |1
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Common Coordinate Systems

» Camera, world, object coordinates:

Camera N N
coordinates | " Object
coordinates

»

World coordinates



Object Coordinates

» Coordinates the object is defined with
» Often origin is in middle, base, or corner of object

» No right answer, whatever was convenient for the creator
of the object

Camera ‘¢ ’
coordinates
coordinates

World coordinates



World Coordinates
» “World space”

» Common reference frame for all objects in the scene

» Chosen for convenience, no right answer

If there is a ground plane, usually x/y is horizontal and z points
up (height)
In OpenGL x/y is screen plane, z comes out

\\ M, e S
Camera \{ "
coordinates Object
coordinates

World coordinates




World Coordinates

» Transformation from object to world space is different
for each object

» Defines placement of object in scene

» Given by “model matrix” (model-to-world transform) M

\\ M/ L , j’;*"
Camera \< o
coordinates Object
coordinates

World coordinates



Camera Coordinate System

» “Camera space”
» Origin defines center of projection of camera
» x-y plane is parallel to image plane

» z-axis is perpendicular to image plane

\\ M/ 7 ,,*
Camera \< o
coordinates Object
coordinates

World coordinates



Camera Coordinate System

» The Camera Matrix defines the transformation from
camera to world coordinates

Placement of camera in world

» Transformation from object to camera coordinates

—1
Pcamera = C Mpobject

Camera ‘¢ ’
coordinates
coordinates

World coordinates



Camera Matrix

» Construct from center of projection e, look at d, up-
vector up:

Camera 4
coordinates ) a

v

World coordinates



Camera Matrix

» Construct from center of projection e, look at d, up-
vector up:

Camera  Xc t
coordinates

v

World coordinates



Camera Matrix

» Z-axXis e —d
" Jle—d
) X-axis up * %
- X, —
"~ |Jup x z]
» y-axis Ve = Ze X X

C — XC YC ZC




Inverse of Camera Matrix

» How to calculate the inverse of the camera matrix C-!?

» Generic matrix inversion is complex and compute-
Intensive

» Observation:

camera matrix consists of rotation and translation: R x T
» Inverse of rotation: R-! = RT
» Inverse of translation: T(t)"' = T(-t)

» Inverse of camera matrix:C-!' = T-! x R"!
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Objects in Camera Coordinates

» We have things lined up the way we like them on screen
x to the right
y up
-z going into the screen

Obijects to look at are in front of us, i.e. have negative z values

» But objects are still in 3D

» Next step: project scene into 2D



Next Lecture

» Rendering Pipeline
» Perspective Projection
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